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Abstract
In Ref. [1] the BESIII collaboration published a cross section measurement of the process e+e− → pi+pi− in
the energy range between 600 and 900 MeV. In this erratum we report a corrected evaluation of the statistical
errors in terms of a fully propagated covariance matrix. The correction also yields a reduced statistical
uncertainty for the hadronic vacuum polarization contribution to the anomalous magnetic moment of the
muon, which now reads as apipi,LOµ (600− 900 MeV) = (368.2± 1.5stat ± 3.3syst)× 10−10. The central values
of the cross section measurement and of apipi,LOµ , as well as the systematic uncertainties remain unchanged.
Keywords: Hadronic cross section, Muon anomaly, Initial state radiation, Pion form factor, Covariance
matrix, BEPCII, BESIII
1. Introduction
Previously, we reported [1] a measurement of the cross section σbare(e+e− → pi+pi−) and the pion form
factor |Fpi|2 in the energy range between 600 MeV and 900 MeV. As pointed out in Refs. [2] and [3], there
exists a difference between the statistical uncertainties of the tabulated cross section of Ref. [1] and the
covariance matrix which is documented as a supplemental material to the publication. Furthermore, when
including the covariance matrix, it is not possible to reproduce the fit of the form factor presented in Ref. [1].
In scrutinizing the published analysis, we realized that the covariance matrix had not been properly
propagated through the final analysis procedure. In this work, the statistical uncertainties are reevaluated
and an updated value of the uncertainty of the two-pion contribution to the hadronic vacuum polarization
contribution of the anomalous magnetic moment of the muon, apipi,LOµ , is calculated.
2. Reevaluation of the Statistical Covariance Matrix
The covariance matrix results from the unfolding procedure, which is applied at the level of the event
yield to compensate for mass resolution effects of the detector. The underlying algorithm of the procedure
is based on singular value decomposition [4]. In an initial state radiation (ISR) measurement, the dressed
cross section σdressed(e+e− → pi+pi−) is calculated from the unfolded event yield Nunf of pi+pi−γISR events
according to
σdressed(e+e− → pi+pi−) = Nunf
εpipiglobal · Lint ·H(s, s′) · (1 + δpipiγFSR)
, (1)
where εpipiglobal is the reconstruction efficiency, Lint is the integrated luminosity, and H(s, s′) is the radiator
function, where the implementation of Ref. [5] is considered. The correction (1 + δpipiγFSR) denotes the final
state radiation (FSR) corrections on the level of radiative pi+pi−γ events1.
The bare cross section is obtained from the dressed cross section by applying mass-dependent corrections
for vacuum polarization δVP [6] and by adding back effects of FSR on the level of the non-radiative pi
+pi−
cross sections as parametrized within scalar QED in the Schwinger term 1 + η(s′)αpi [7]. The final formula
for the bare cross section reads as:
σbare(e+e− → pi+pi−(γFSR)) = σdressed(e+e− → pi+pi−)
1 + η(s′)αpi
δVP(s′)
, (2)
where s′ denotes the two-pion invariant mass squared.
Since all the above mentioned values remain unchanged compared to the original work [1], the central
value of the cross section does not change.
1In Eq. 1 of Ref. [1], the factor (1 + δpipiFSR) should be read as
[
1+η(s)α
pi
1+δ
pipiγ
FSR
]
, contrary to the description in Section 6.3 therein.
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The covariance matrix of the bare cross section is given by
Cσ
bare
=
∑
k∈{N,ε,Lint,H,(1+δpipiγFSR)}
(
JT
)k
CkJk , (3)
with Jkij =
∂σbarei
∂kj
being the Jacobian matrix of the bare cross section with respect to the contribution k to
the statistical uncertainty, according to generalized Gaussian error propagation. Here, it is assumed that
the contributing quantities are not correlated.
Since the time integrated luminosity is a single scalar value, its covariance matrix is simply given by the
squared statistical uncertainty of the time integrated luminosity: CLint = (∆Lint)2.
It is assumed that the reconstruction efficiency, the time integrated luminosity, the radiator function,
as well as the final state radiation correction term are completely uncorrelated. The respective diagonal
elements of the covariance matrices are given by the square of the uncertainties. The contribution of the
Schwinger correction term is neglected, since as a QED calculation, it is assumed to be exact. In the original
work, the uncertainty of the vacuum polarization effect is considered to be purely systematic. Hence, it is
also neglected in the calculation of the statistical covariance matrix. Consequently, the covariance matrix
of the bare cross section has the form:
Cσ
bare
ij =
CNij
L2int
·
(
1 + η(s′)αpi
εpipiglobal ·H(s, s′) · (1 + δpipiγFSR) · δV P
)
i
·
(
1 + η(s′)αpi
εpipiglobal ·H(s, s′) · (1 + δpipiγFSR) · δV P
)
j
+ σbarei · σbarej ·
∆L2int
L2int
+
(
σbare
)2
i
·
(∆εpipiglobal
εpipiglobal
)2
+
(
∆H(s, s′)
H(s, s′)
)2
+
(
∆ (1 + δpipiγFSR)
(1 + δpipiγFSR)
)2
i
· δij .
In the original publication, the error propagation of the covariance matrix had not been carried out
properly. As a result, the statistical uncertainties of the published cross section do not reflect the information
of the unfolding. Figure 1 shows a comparison of the relative statistical errors of the bare cross sections
calculated as the diagonal uncertainties of this work (red crosses) and the uncertainties published in Ref. [1]
(black circles). The values of the diagonal errors are listed in Tab. 1.
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Figure 1: (Color online) Relative uncertainty of the bare cross section σbare(e+e+ → pi+pi−(γFSR)) of this work (red crosses)
compared to the results of Ref. [1] (black circles). The uncertainties of the cross section of this work are the square roots of
the diagonal elements of the matrix.
It must be stressed that only the statistical uncertainties of the measurements of σbare(e+e+ → pi+pi−(γFSR))
and of |Fpi|2 have been reevaluated. Thus, the systematic uncertainty of 0.9 % evaluated in Ref. [1] is un-
changed.
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The BESIII collaboration has approved new data taking at 3.773 GeV in 2021-2022, aiming at a total
data set of 20 fb−1 [8]. In addition to a significant reduction of the statistical uncertainty, the new data
will also allow for the alternative normalization scheme for σbare(e+e+ → pi+pi−(γFSR)), discussed in Eq. 3
of Ref. [1], in which the dominating systematic uncertainties cancel. A total uncertainty of 0.6% can be
expected.
Table 1: Results for the bare cross section σbare
pi+pi− and the pion form factor together with their statistical uncertainties. The
systematical uncertainties are given by 0.9 %[1].
√
s′ [MeV] σbarepi+pi−(γFSR) [nb] |Fpi|
2
√
s′ [MeV] σbarepi+pi−(γFSR) |Fpi|
2
602.5 288.3 ± 11.4 6.9 ± 0.3 752.5 1276.1 ± 31.2 41.8 ± 1.0
607.5 306.6 ± 10.8 7.4 ± 0.3 757.5 1315.9 ± 31.4 43.6 ± 1.0
612.5 332.8 ± 11.8 8.2 ± 0.3 762.5 1339.3 ± 29.0 44.8 ± 1.0
617.5 352.5 ± 12.4 8.7 ± 0.3 767.5 1331.9 ± 30.0 45.0 ± 1.0
622.5 367.7 ± 12.1 9.2 ± 0.3 772.5 1327.0 ± 29.6 45.2 ± 1.0
627.5 390.1 ± 12.7 9.8 ± 0.3 777.5 1272.7 ± 28.3 43.7 ± 1.0
632.5 408.0 ± 13.6 10.4 ± 0.3 782.5 1031.5 ± 26.8 37.1 ± 1.0
637.5 426.6 ± 13.5 11.0 ± 0.3 787.5 810.7 ± 23.7 30.3 ± 0.9
642.5 453.5 ± 14.6 11.8 ± 0.4 792.5 819.7 ± 21.8 30.6 ± 0.8
647.5 477.7 ± 14.2 12.5 ± 0.4 797.5 803.1 ± 20.9 30.1 ± 0.8
652.5 497.4 ± 15.9 13.2 ± 0.4 802.5 732.4 ± 21.1 27.7 ± 0.8
657.5 509.2 ± 15.8 13.6 ± 0.4 807.5 679.9 ± 18.8 25.9 ± 0.7
662.5 543.4 ± 16.6 14.7 ± 0.4 812.5 663.6 ± 17.1 25.5 ± 0.7
667.5 585.0 ± 16.5 16.0 ± 0.4 817.5 622.2 ± 17.3 24.1 ± 0.7
672.5 642.7 ± 17.6 17.7 ± 0.5 822.5 585.0 ± 16.1 22.9 ± 0.6
677.5 640.5 ± 16.3 17.8 ± 0.5 827.5 540.8 ± 14.8 21.4 ± 0.6
682.5 668.0 ± 18.4 18.8 ± 0.5 832.5 496.4 ± 14.8 19.8 ± 0.6
687.5 724.4 ± 19.1 20.6 ± 0.5 837.5 450.4 ± 13.2 18.1 ± 0.5
692.5 783.5 ± 18.9 22.5 ± 0.5 842.5 404.7 ± 13.2 16.4 ± 0.5
697.5 858.6 ± 20.4 24.9 ± 0.6 847.5 391.3 ± 12.8 16.0 ± 0.5
702.5 893.8 ± 20.3 26.2 ± 0.6 852.5 364.0 ± 11.8 15.0 ± 0.5
707.5 897.8 ± 21.4 26.6 ± 0.6 857.5 339.6 ± 11.9 14.2 ± 0.5
712.5 978.6 ± 22.9 29.3 ± 0.7 862.5 310.0 ± 11.5 13.0 ± 0.5
717.5 1059.1 ± 23.6 32.0 ± 0.7 867.5 283.8 ± 9.8 12.1 ± 0.4
722.5 1086.0 ± 25.2 33.2 ± 0.8 872.5 256.5 ± 9.2 11.0 ± 0.4
727.5 1088.4 ± 25.3 33.6 ± 0.8 877.5 237.3 ± 9.2 10.3 ± 0.4
732.5 1158.8 ± 23.7 36.2 ± 0.7 882.5 229.7 ± 8.6 10.0 ± 0.4
737.5 1206.5 ± 25.1 38.2 ± 0.8 887.5 224.0 ± 8.1 9.9 ± 0.4
742.5 1229.9 ± 25.9 39.3 ± 0.8 892.5 196.1 ± 8.0 8.7 ± 0.4
747.5 1263.3 ± 27.6 40.9 ± 0.9 897.5 175.9 ± 7.6 7.9 ± 0.3
3. Gounaris-Sakurai Fit of the Pion Form Factor
The pion form factor |Fpi|2 is defined as
|Fpi|2 = 3s
′
piαβ3pi(s
′)
· σdressed(e+e− → pi+pi−) , (4)
where βpi =
√
1− 4m2pi/s′ denotes the pion velocity. The factor 3s
′
piαβ3pi(s
′) from pure QED calculations is
considered to be exact. Thus, the statistical error-covariance matrix of the pion form factor is constructed
analogously to Eq. 3. The diagonal elements of the matrix are presented as updated statistical uncertainties
of the pion form factor in Tab. 1.
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In the original work, a fit of the Gounaris-Sakurai parametrization [9] to the pion form factor is used
to compare the BESIII measurement to previous publications. In the fit, the statistical covariance matrix
is not considered. Instead, the uncertainties before having applied the unfolding procedure are considered.
These are assumed to implicitly take into account all correlations. A good fit quality is achieved, but cannot
be reproduced using the originally published covariance matrix in Ref. [2] .
In this erratum, we have refitted the spectrum using the newly derived covariance matrix. As in the
original work, the width of the ω meson is fixed to the PDG value [10], and the masses and widths of the
higher ρ states ρ(1450), ρ(1700), and ρ(2150) are fixed to the values obtained by the BaBar collaboration [11].
The updated fit result is illustrated with a red line in the left panel of Fig. 2 and compared to the original
fit result. The updated fit yields a reduced χ2 value of χ2/n.d.f. = 70.70/56. The right panel of Fig. 2 shows
the individual contributions of the bins of the covariance matrix to the total χ2 value. Large fluctuations, as
reported by Colangelo et al.[2] are not observed. The largest contribution to χ2 stems from the mass region
between 600 and 615 MeV, where there is a systematic difference between the data and the Gounaris-Sakurai
parametrization. The fit results are summarized in Tab. 2.
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Figure 2: (Color online) Left: Results of the Gounaris-Sakurai fit of the original work [1] (black) and this work (red); Right:
Contribution to the χ2 value of the individual bins of the covariance matrix.
Table 2: Fit results together with the statistical uncertainties from this work (BESIII), the original work (BESIII 16 [1]), the
BaBar measurement [11], and the PDG values [10].
Parameter BESIII BESIII 16 BaBar PDG
mρ [MeV] 776.58±0.42 776.0±0.4 775.02±0.31 775.26±0.25
Γρ [MeV] 152.05±0.65 151.7±0.7 149.59±0.67 147.8±0.9
mω [MeV] 782.69±0.34 782.2±0.6 781.91±0.18 782.65±0.12
|cω| [10−3] 1.92±0.16 1.7±0.2 1.644±0.061 –
φω [rad] 0.15±0.11 0.04±0.13 -0.011±0.037 –
χ2/n.d.f. 70.70 / 56 49.1 / 56 – –
By comparing the resulting parameters one finds a significant improvement of the uncertainty of the ω
mass. The results obtained for other parameters agree well with the original work. The deviations between
the fit results of BESIII and BaBar are on the level of 3σ or less, which might be well covered by systematic
effects that are neglected at this point. The precise determination of resonance parameters is not the purpose
of this erratum.
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4. Reevaluation of apipi,LOµ (600− 900MeV)
The hadronic vacuum polarization (HVP) contribution to the muon anomalous magnetic moment aµ can
be connected to the cross section σ(e+e− → hadrons) using the optical theorem [12]
aHVPµ =
1
4pi3
∞∫
m2
pi0
ds′K(s′)σ(e+e− → hadrons) , (5)
where K(s′) is a kernel function.
Following this formalism, the two-pion contribution to aµ in the mass range of the ρ–ω interference is
given by
apipi,LOµ (600− 900 MeV) =
1
4pi3
(900 MeV)2∫
(600 MeV)2
ds′K(s′)σbare(e+e− → pi+pi−(γFSR)) , (6)
which, due to the binned representation of the cross section, simplifies to
apipi,LOµ (600− 900 MeV) =
1
4pi3
∑
i∈ bins
σbarei ·
∫
∆i
ds′K(s′) , (7)
where the constraints of a given bin i are represented by ∆i. Using Gaussian error propagation, the uncer-
tainty is given by
∆apipi,LOµ (600− 900 MeV) =
1
4pi3
√√√√√√∑
ij
∫
∆i
ds′K(s′)
 ·
∫
∆j
ds′K(s′)
Cσbareij .
The systematical uncertainty is 0.9 % [1]. Thus, the BESIII result on the hadronic vacuum polarization now
reads as apipi,LOµ (600− 900 MeV) = (368.2± 1.5stat ± 3.3syst)× 10−10.
360 365 370 375 380 385 390 395 400 405
apipi,LOµ (600− 900 MeV) [10−10]
CMD-2 03,06
SND 04
CLEO 18
BaBar 09
KLOE 18
avg. of KLOE 08/10/12
BESIII 16
superseded by this work
BESIII (This work)
372.4± 3.0
371.7± 5.0
376.9± 6.3
376.7± 2.7
366.9± 2.1
368.2± 2.5± 3.3
368.2± 1.5± 3.3
Figure 3: Comparison of the updated calculation of the leading-order (LO) hadronic vacuum polarization contribution to
(g − 2)µ due to pi+pi− in the energy range 600 - 900 MeV from BESIII and the corresponding results from CMD-2 [13, 14],
SND [15], BaBar [11], BESIII 16 [1],CLEO [16], and KLOE [17]. The respective values are taken from the white paper of the
Muon g-2 Theory Initiative [18, 19, 20, 2, 21, 3, 22]. The yellow band indicates the 1σ range of the updated BESIII result.
Figure 3 shows the results of the calculation compared to previous measurements. The statistical uncer-
tainty is reduced by 40 % compared to the original work. The result lines up well with the KLOE results,
while the 1.7σ discrepancy between the BESIII and BaBar results remains.
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